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EIGENVALUE BOUNDS FOR DIRAC AND FRACTIONAL 
SCHRODINGER OPERATORS WITH COMPLEX POTENTIALS 


Abstract. We prove Lieb-Thirring-type bounds for fractional Schrodinger 
operators and Dirac operators with complex-valued potentials. The main new 
ingredient is a resolvent bound in Schatten spaces for the unperturbed opera¬ 
tor, in the spirit of Frank and Sabin. 
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1. Introduction 

Many recent publications have dealt with eigenvalue bounds for non-selfadjoint 
perturbations of classical operators from mathematical physics, for example [nm 
HH m ng El [31 in [T7i El El HQ]. One of the more common approaches, initiated in 
[2], is to regard the eigenvalues as zeros of a holomorphic function (a regularized 
determinant) and then use function-theoretic arguments related to Jensen’s identity 
to estimate sums of eigenvalues. Taking the Schrodinger operator —A + V as an 
example, eigenvalues could a priori accumulate at any point in [0,oo). A typical 
result of ;ig is that for any sequence {zj}j of eigenvalues accumulating to a point 
A ^ 0 satisfies 0 that {dist(^y, [0, oo))}., S l 1 , provided V £ L q (R d ) and d/2 < q < 
(■d + l)/2. This is an improvement of earlier results of [5] @] where it was shown 
that such a sequence is in l q+t for some q > d/2. Additionally, the latter estimates 
require a lower bound on the real part of V or an estimate of the numerical range 
of —A + V. In this paper we prove that {dist(zj, [0, oo))}j £ l 1 for eigenvalues of 
Hq+V where Hq is either a fractional Laplacian or a Dirac operator. This restriction 
is somewhat arbitrary, but we found that particular choice to be a reasonable 
generalization of the results of [TO] Sect. 4 and 6]. With this in mind, we have 
made an effort to state the key estimates, Lemma 13.31 and especially Lemma 14.31 
in greater generality than needed. The techniques for proving these estimates are 

1 The point A* = 0 is special since it is a critical value of £ H > |£| 2 . 
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standard in harmonic analysis (complex interpolation, stationary phase), and the 
proof bears close resemblance to the proof of the Stein-Tomas restriction theorem. 
The two lemmas are used to prove Theorem 13.11 and Theorem 14. II The first is an 
analogue of the uniform Sobolev inequality due to Kenig, Ruiz and Sogge [13 Thm. 
2.3] that states that for d > 3, 2d/(d+2) < p < 2(d+ l)/(d + 3) and all z € C with 

M = !> 

(1-1) ||(-A-^)- 1 || LP ^ LP '<C, 

where the constant is independent of z. The seconc0 is an analogue of the closely 
related uniform resolvent estimate in Schatten spaces of Frank and Sabin |10l Thm. 
12]: For d > 3, d/2 < q < (d + l)/2 and \z\ = 1, 

(1.2) ||Wi(-A - ^)- 1 W 2 || S9(d _ 1 ,/«,_,) < C'||lT 1 || i 2 9 ||W 2 || i 2,. 

The bound (11.21) implies (11.11) by a duality argument since 6“ C 6°° = B(L 2 3 4 ( R d )). 
At the same time, the proof of relies on the kernel bounds of [13] for complex 
powers of the resolvent. These bounds were obtained by using an explicit formula 
for the Fourier transform of the symbol. In our case, no explicit formulas are 
available, and the proof has to be more flexible. Although the method is essentially 
known, our resolvent estimates seem to be new. 

2. Main results 

Assumption 2.1. The unperturbed Hamiltonian is Hq = T(D) on L 2 ( R d ), where 
T(D) is one of the following kinetic energiefl 

. t(d) = (-a y/ 2 , 

• T(D) = (1 - A)*/ 2 - 1, 

• T(D) = Eti^HVi), 

. T(D) = J2 d j=1 a J (-iVj)+p. 

We denote by A C (H 0 ) the set of critical values of T(-). For the Dirac operators D 0 
and 2?i we consider the the symbol corresponding to their eigenvalues, A+(£) = ±|£| 
and A±(£) = ±(1 + l^l 2 ) 1 / 2 .'Hence, 

A c ((—A) s / 2 ) = | J° } ^ j’ A c ((l - A) s / 2 - 1) = {0}, 

and 

A C (V 0 ) = 0, A c (Di) = {1,-1}. 

We adopt the convention that s = 1 when H 0 = T> 0 or H 0 = 'D 1 . To limit case- 
by-case arguments, we will assume that 0 < s < d. We will use the notation 
Ro(z) = ( T(D) — z)~ x for the resolvent. 

Assumption 2 . 2 . Let 0 < s < d be fixed, and let V be a complex-valuecQ poten¬ 
tial. Assume s and V satisfy one of the following assumptions. 

2 In fact, botli 111.Il l and 11.211 hold also in d = 2 if one excludes an endpoint. Moreover, the 
general case \z\ > 0 is obtained by scaling. 

3 Here, a.j, j = 1 ,,n and /3 = a n _|_i satisfy the Clifford relations enjoy + a.jOLi = 2 Sijl n , and 
n is some even number. We will suppress the identity I n in the following. 

4 In the case where Hq is a Dirac operator (T *o or T> i) we allow V to be a (generally non- 
hermitian) matrix-valued potential. 
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a) s > 2d/[d + 1) and V £ ZA(R d ), where d/s < q < (d + l)/2. 

b) s < 2 d/\d + 1) and V £ L d / s (R d ) n i( d + 1 )/ 2 . 

Theorem 2.3. Let Hq = T(D), and let V be a complex-valued potential such that 
Assumptions 1 2. 1W2.2\ hold. If K is a compact subset of C\ A c {Ho), then 

(2.1) ^ dist(z, <t{H 0 )) < C(K, V). 

z^a{H 0 +V)CK 

Moreover, there exists C(K) such that || V|| < C(K), then <j{Hq + V)C\K = 0. 

Remark 2.4. In case a), when d/s < q < (d+ l)/2, there is an ’’effective” bound 
in terms of the L 9 -norm of V , i.e. the right hand side of EH) may be replaced by 
C{K , ||V'||i,«), see Theorem 16.61 in Section[6] There we also prove versions of (12.11) 
where the sum is taken over all eigenvalues, not only those in K. The price to pay 
for this generalization is that one has to insert a weight which may become zero at 
the critical values A c (Hq) or at infinity. 

The proof of this theorem consists of two parts: An abstract theorem based on 
a result of [2] in complex analysis and uniform resolvent estimates. The latter will 
be needed to handle the potentials appearing in the theorem. If the potential V 
satisfies much stronger assumption (for example, V compactly supported), then the 
uniform resolvent estimates are much easier. To illustrate this, we give a proof of 
Theorem m for the following special case: Hq = (—A) s / 2 with d/2 < s < d, and 

V £ Acomp(R d ). 

Proof of Theorem 1 2. ,91 (special case). We claim that 

(2.2) \R 0 (x - y;z)\ < C(R)\x - y\ s ~ d , \x — y\ < R, 

holds for a constant independent of 2 £ p(Hq). By homogeneity, it suffices to prove 
(12.21) for |^| = 1. Let X be a radial bump function supported in {1/2 < |£| < 3/2}. 
Then the estimate (|2.2I) holds for {\—x{D))Rq(z) by standard estimates, see e.g. |19| 
Prop. VI.4.1]. For x(-D)i?o(~) we get an 0(1) kernel bound by comparison with the 
Hilbert transform (see (13.111) 1. Assume that supp(V) C B(0,R/2). Then it follows 
from m and the Hardy-Littlewood-Sobolev inequality (recall d/s < s < d) that 

(2.3) |||V| 1 / 2 J R 0 ( 2 )y 1 / 2 ||| 2 <C{Rf j 

The second claim of the theorem follows by a straightforward application of the 
Birman-Schwinger principle: Suppose z £ p(Hq) is an eigenvalue of Hq + V. Then 
there exists / £ L 2 (R d ) such that — Vf = ( H 0 — z)f. Applying Rq(z) to both sides, 
multiplying by |W| 1//2 , and then setting |V | l / 2 f = g , we obtain 

-g = \V\ 1 ^R 0 (z)V 1 / 2 g. 

Clearly, g £ L 2 (R d ) again, and hence the operator |V| 1 / 2 I?o(^)y 1 ' /2 has an eigen¬ 
value — 1. But this means that its norm is at least 1. Since the norm of an operator is 
bounded from above by its Hilbert-Schmidt norm, (12.31) tells us that 1 < C'||V|| 2 d/3 . 
Therefore, a necessary condition for the existence of an eigenvalue in p(Hq) is that 
\\V\\ L d/. is bigger than some positive constantQ We turn to the proof of EH- 
By the previous argument (Birman-Schwinger principle) and the theory of infinite 


5 Here, ||V|| denotes the norm of V in the appropriate space, depending on the case a) or b). 
^The case where the eigenvalue can be embedded in ct(Hq) follows from [111 Proposition 3.1]. 






4 


DIRAC AND SCHRODINGER OPERATORS WITH COMPLEX POTENTIALS 


determinants (see e.g. [IS Thm. 9.2]) it follows that the eigenvalues of Hq + V in 
p{Ho) coincide with the zeros of the (regularized) determinant 

h{z) := det(J + \V\^ 2 R 0 (z)V^ 2 ), z e p(H 0 ), 


This is an analytic function, and there is the well-known bound 
(2.4) log|^)l<C|||F| 1 /2 jRo(z )yi/2||| 2 . 


From CH and flUD it thus follows that h is bounded. As noted in m , one can 
apply a Jensen-type inequality for the upper half-plane C + to the map w H > h(w 2 ), 
giving 


E 

h(z )=0 


Im^/z 

TTR 


< 00 . 


When we restrict z to a compact subset K of C \ {0}, this sum is comparable to 
the one in (EUD- □ 


3. Uniform L p —> L p ' resolvent estimates 


Theorem 3.1. Let Hq = T(D) where T(D) is one of the operators in Assump- 
tion \2.1\ and let K be a compact subset of C\A c (Hq). Then there exists a constant 
C(K) such that the following estimates hold. 

a) If s > 2 d/(d + 1) and 2 d/(d + s) < p < 2 (d + 1 )/(d + 3), then 

(3-1) \\Ro( Z )f\\ LP ' <C(K)\\f\\ LP . 

b) If s < 2 d/(d + 1), then 


(3.2) 


||Ao(^)/|| 2 d 2 (d+l) 

Ld-s d 1 


<C(K)\\f\\ 


2d 2(d+l) ■ 

l d+s n l d + 3 


Corollary 3.2. Let V be a complex-valued potential satisfying Assumption 12.21 
and let K be a compact subset of <C \ A c (Hq). Then there exists a constant C(K) 
such that 


(3.3) 


|U| 1 / 2 l?o(z)U 1/2 


L 2 —>L 2 


<C(K,\\V\\), 


z e K. 


Proof. We prove the case where V satisfies Assumntion l2.2b b The proof of case a) is 

2d 2(d+l) 2d 2(d+l) 

similar and easier still. Denote X = L d + s n L d + 3 and its dual A'* = L d -“ +L d - 1 . 
Theorem 13.11 yields 

|( J Ro^)y 1/2 /,|U| 1/2 3)| < WR^V^fWx-m^gWx 
< CiK^V 1 ' 2 f\\ x \\\V\ 1/2 g\\ x 
<C(A')||U 1 / 2 ||i2^ A -||/|| i 2|| 5 || i 2. 


Taking the supremum over normalized functions f,g £ L 2 , and using Holder’s 
inequality, we get 

\V\ 1/2 R 0 (z)V 1/2 


L 2 ->L 2 


< C(K) max{|| VH^d/a, ||U|| i (d+i)/ 2 }. 
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Lemma 3.3. Let T £ C 2 (M d ) be a real-valued functioiQ and let K C C be a 
compact subset o/C\ A C (T). Assume that the Gaussian curvature of the level sets 
S\ = {£ £ R d : T(£) = A} never vanishes for A £ A'flK.. If \ is a smooth compactly 
supported function, then for 1 < p < 2 (d + 1 )/(d + 3), we have 

(3-4) \\x(D)R 0 (z)\\ LP^Lf' — C Z £ K, 

where the constant C depends on d,p, K,T,x> but not on z. 


Proof. We may suppose without loss of generality that \ is supported in a small 
neighborhood of the origin, T( 0) = 0 and d$ 1 T( 0) = pei for some p > 0. Otherwise, 
we use a partition of unity and a linear change of coordinates. By the implicit 
function theorem, we may then write 

(3-5) A0-A = e(£,A)(£ 1 -/i(£',A)) 


where A = Re(^), £ = (£i,£'), and h , e are real-valued smooth function, e being 
bounded away from zero. In a neighborhood of £ = 0 and A = 0, 

(3.6) e(£,A)= ^ 1 T ?1 (t£ 1 + (l-t)/ l (£',A),£')dt 

We extend e(£, A) and /i(£, A) arbitrarily to real-valued Schwartz functions on a 
neighborhood of £ £ supp(y) and A £ T(supp(x)) such that e(£, A) > ei > 0. Since 
e(D, A) -1 is smoothing, it is sufficient to prove 

(3.7) \\x(D){Di - h(D', A) - i b(D, z))- l \\ L ^ L p' < A * G A 


where b(D,z) = Im(z)e(D, A) 1 . Denote by K(-) the inverse Fourier transform of 
£ X'(£)(£i - HC, A) - i&(£, z))- 1 . Then 

/ oo 

K{x i — 3/i, •) * g(-,yi)(x')dy! 

-OO 

We claim that 

(3.8) \\K(xi - yi, •) *5||l« ( h<'-i ) < C( 1 + \xi - yi|) - ^ |M|li(r<*-i), 

(3.9) \\K{xi - t/i, •) * sllz^Rd-i) < C'|lfl , llL 2 (R d - 1 )- 
Interpolating between (13.81) and (13.91) . we get 

\\K{xi — 2/i, •) * g\\ L p' (R-i-i) < C(l + \ x i -2/iA (d_1) ^“^ll5llLP(R^-i). 

A standard argument using Minkowski’s inequality for integrals and fractional in¬ 
tegration in one dimension then yields for p = 2 (d + 1 )/(d + 3), 

II (A - HD', A) - ib{D,z))- 1 g\\ LP '^ ) 

< 


< C 

< c 


/ \\K(xi - yi,-) *g{yi,-)\\ L P r (vd-i) 

Jr 

[ \xi - yi\~ {d ~ 1 ) ^^^\\g{yi,-)\\L p ,(R'‘- 1 ) d y^ 
Jr x 


iSiC®) 


l£ 


\\q( x I, OIL*’,(R'*- 1 ) TP — C\\g\\ L p(^dy 

x L rni (K) 


7 Here, T(D ) need not necessarily be one of the operators in Assumption 12.ll 
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This proves (13.711 for p = 2(d + l)/(<2 + 3). Interpolating with the L 1 —> L°°-bound 
(note that ||iL||i°o < oo by (13.1111 below), the claim follows. 

It remains to prove inequalities (13.81) (13.91) . The convolution kernel K is given 
by 

K(X 1 , s') = [ fo *i) d£', 

It 1 - 1 

where 


sup = [ e 2mXlil x{£i,£)(£;i ~ i&(£i.£'>*)) 1 d Ci 

xiSR JR 


We claim that 


(3.10) < C a . 

Inequality (13.91) then follows from Plancherel’s theorem, and inequality (13.81) follows 
from stationary phase estimates, see e.g. [TUI Prop. VIII.2.6]. To prove (13.101) . note 
that £ <S(R) with Schwartz norms bounded independent of £'. By the 

convolution theorem, it would be sufficient to prove 


(3.11) 


3 2irixi{i 


(Cr-i 6(6, 


< C. 


Jr 

The reason why this is true is that the Hilbert transform 1 /£i has a bounded Fourier 
transform. Indeed, let ei,e 2 > 0 be such that ei < e(£, A) < e 2 - Then comparison 
with the Hilbert transform yields 


Ci - £'j z ) 

This proves (13.111) . 


Cl 


e i Jr ICiIICi 


□ 


Proof of Theorem \3.1[ We prove case b), case a) being similar and easier. Consider 
T(£) = |£| s or T(£) = (1 + |£| 2 ) s / 2 — 1 first. These are Fourier multipliers corre¬ 
sponding to radial functions. Thus the level sets S\ are spheres of size 0(1) for all 
A £ K . In particular, their Gaussian curvature is non-vanishing. Let 12, 12' C C 
be open sets such that I\ CC 12 CC 12'. Pick a bump function x such that 
supp(x) C T _1 (l2' DR) (the preimage of a compact set under T is compact, i.e. T 
is proper) and x = 1 on T _1 (12 D R). Lemma [373] implies 

(3.12) \\x(D)R 0 (z)\\ w±ii<C(K). 

L d +3 -+L d- 1 

By the choice of x, we have 

/ c 1 + \ey /2 \m\ 2 dc < c(k) 2 [ (i + ici 2 r s/2 i7(oi 2 dc. 

J Ri \T (0 - A J Rd 

Then 


||(1 - x(D))R 0 (z)f\\ H ^ < C(K)\\f\\ H -.„. 

By Sobolev embedding, 
this implies that 

(3.13) ||(1 - < C(K). 
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Let / = fi + fi where /i = %(£))/. Then, by (13.1211 and (13. 131) . 

\\Ro(z)f 1 \\ T ™+\\Ro(z)f 2 \\ 2 (d+i) <C(K)\\f\\ 2 d 2 (d+i) ■ 

l d-i iJ+iniT+p 

This proves the claim in this case. 

Now consider Hq G {Po^i}- Since we have V 2 = —A and P 2 = 1 — A, the 
resolvents are given by 

(3.14) (Vo-z)- 1 = (V 0 + z)(-A-z 2 )~ 1 , 

(3.15) (Pi - z)” 1 = (Pi + z)(—A - (z 2 - I))" 1 . 

The proof of the claim is then a straightforward adaptation of the previous argu¬ 
ment. Note that in the analogue of (13.121) in the case of Po, 

II (Po + z )x(D )(—A — z 2 )^ 1 !! 2(d+p 2 (d+i) < C(K ), 

L d+3 —>L d-1 

the multiplier Po + 2 can be absorbed into x(-D) since the frequencies are bounded. 

□ 


4. Uniform resolvent estimates in Schatten spaces 

Theorem 4.1. Let Hq = T(D), and let V be a complex-valued potential such that 
Assumptions [2A\\2.2l hold. Then there exists a positive function N(z), defined on 
p(H 0 ) and having a continuous extension up to C\ A C (H 0 ), such that the following 
inequalities hold. 

a) If s > 2 d/(d + 1) and V G L 9 (R d ) with d/s < q < (d + l)/2, then 

(4.1) |||U| 1 / 2 i? 0 (z)y 1/2 ||e“ < N(z)\\V\\ L9 , 
where a = q(d — 1 )/{d — q). 

b) If s< 2 d/{d + 1) and V G L d / s (R d ) D L( d+1 )/ 2 , then 

(4.2) |||y| 1 / 2 i?o(z)y 1/2 || sa < N(z) ||y|U- ni( -+i)/2, 

where a = 3 for d = 2 and a > d/s for d > 3. 

Remark 4.2. From scaling arguments, one can obtain the following estimates for 
N (z) from the proof. 

• If H 0 = (—A)*/ 2 , then N(z) < Ulzl^” 1 if s > 2 d/(d + 1) and N(z) < 
C(1 + IzD^rry- 1 if s < 2d/{d+ 1). 

• If Hq = (1 — A) s / 2 — 1, then 

[ Izl ^ -1 if Izl < 1 

N(z)<c\ ,_i ’ and s > 2d/ (d + 1), 

[|z|«« if |z| > 1, 

and 

N(z)<c{^ 2 2 d 1 lf l-l <:L > and s < 2d/(d + 1). 

W " \|z|^+ry-i if |z| > 1, 7 

• If H 0 = V 0 , then N(z) < C( 1 + |z|) ' a ^ T . 

• If H 0 = Vi , then 



N{z) < C 


if |z 2 -l| < 1, 
if |z 2 - 1| > 1. 
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Lemma 4.3. Let T £ C 2 (R d ) be a real-valued function, and let x be a smooth 
compactly supported function such that T has no critical points in supp(x). Assume 
that the Gaussian curvature of the level sets S\ = {£ £ supp(x) : T(£) = A} never 
vanishes. Then for 1 < q < {d + l)/2, we have 

(4.3) \\\V\ 1 / 2 x(D)R 0 (z)V 1 / 2 \\ 6 qld - 1 )H d- g) < C\\V\\ Lq 

for all z £ p{T). The constant C depends on d,p,T,x, but not on z. 

Proof. 1. Assume first that A lies outside a compact neighborhood U of T(supp(x))- 
Then the kernel of x(£)(-^(£) — z )^ 1 is Schwartz. Let x be a bump function with 
the same properties as x and such that x = 1 on the support of x- By the Kato- 
Seiler-Simon inequality (see e.g. [T8j Thm. 4.1]), 

(4.4) \\\V\ 1/2 x(D)R 0 (z)V 1/2 \\ei < C\\V\\ L *. 

This is better than (14.31) since q < q(d — l)/(d — q). 

2. Assume A £ U. We prove m for z = A ± iO first. Note that the limits 

(4.5) (r(0 - A ± iO)- 1 = p.v.(T(f) - A)- 1 ± i tt6(T(0 - A), 

(4.6) (T(0-A±iO)-' T = (T(e)-A); <T +e- iw<T (T(e)-A): ,T , <t£<C\N, 

exist in the sense of tempered distributions, see e.g. [7] Example 5.5, p. 19] or T2 . 
We follow the outline of the proof of ina Theorem 12] and apply complex interpo¬ 
lation to the family S f = |E|^ 2 x(-D)i?o(A ± iO^E 1 "/ 2 . We shall prove the following 
bounds, 

(4.7) ||S C || 6 » < Ce c '^\ ReC = 0, 

(4-8) 11‘S'clle 2 < Ce c ^ Im? ^ 2 ||E|| Re? 2dReC , 1 < ReC < (d + l)/2, 

L d-l + 2ReC 

where the constant C is independent of A £ U. By m Thm. 2.9] it then follows 
that 

(4.9) ||«S' 1 ||e 2 “ < C||V||^^_Ma__, 1 <a<(d+l)/2. 

By a change of variables 2 a = q{d — 1 )/{d — q), this is the claimed inequality. 
Inequality (14.71) trivially follows from Plancherel’s theorem. Inequality (14.81) would 
follow from the pointwise kernel bounds 

(4.10) \x(D)R 0 (X ± i0) a+i4 (z -y) | < Ce c ' <2 (l + \x - y\)~^ +a 

and the Hardy-Littlewood-Sobolev inequality. It remains to prove (14.101) . As in the 
proof of Lemma ITTTTT1 we write T(£) — A locally as in (13.51) . Without loss of generality 
we may assume that e(£, A) is strictly positive. Then 

(T(D) - A ± i0) -a-it = e{D, X)- a ~ it (D 1 - h(D', A) ± i0)- a " i4 

Since e(£, A) is a Schwartz function, (14.101) would thus follow if we proved 

(4.11) | X (D)(Di - h(D\ A) ± iO)-°- i4 0r - y) \ < Ce c ' t2 ( 1 + \x - y|)-^ + °. 
Similarly as in the proof of Lemma 13.31 we have 

X(D)(D 1 - h(D', A) ± i0) _a+i4 (a;) = [ A)]^ A, Xl ) df', 

J R ^- 1 
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this time witt0 

f ( Xl - sy^-'a^Oi-^ds. 

1 \ a — it) Jr 

Note that r(z)| -1 < (7 7I ’ 2 l Im2: l 2 . A Schwartz tails argument then yields 
|3p(£', A,xi)| < C a e c * 2 (1 + |ti |) a—1 . 

Thus, (14.101) follows again from stationary phase. 

3. We have proved that (14.31) holds for z = A±i0 for all AeK. Next, we are going 
to use the Phragmen-Lindelof maximum principle to prove that the inequality holds 
in . This part is a bit technical and will thus be postponed to the appendix. □ 

Remark 4.4. By inspection of the proof, one checks that the constant C in (14.31) 
depends on T and a only through 

• a lower bound for the Gaussian curvature of S\, 

• a lower bound for |VT| on supp(x), 

• The size of supp(x) and finitely many Schwartz semi-norms of X- 

Proof of Theorem \4-l\ a) Let K CC H CC f V CC C \ A C (H 0 ), and let xo be a 
bump function supported on SI' and such that xo = 1 on SI. Lemma |4.3I yields for 
all z 6 K 

(4.12) \\\V\ 1/2 xo{D)R 0 (z)V 1/2 \\ eq(d -i )/(d - q) <C(n')\\V\\ Lq . 

It remains to prove 

(4.13) |||V| 1/2 (1 - XoP))iM^ 1/2 ||e^-w-*> < C(Q)\\V\\ Lq . 

For q > d/s , the Kato-Seiler-Simon inequality yields the better bound 

(4.14) |||V| 1/2 (1 - Xo(D))R 0 (z)V^ 2 \\ 6q < Cm\V\\ Lq . 

For q = d/s , we use the kernel bound (see (fS, Prop. VI.4.1]) 

|(1 - xo{D))R 0 (z)(x - y)\ < C\x - y\ s ~ d l{\x - y\ < 1} + 0((x - y)~ N ) 

and the Hardy-Littlewood-Sobolev inequality to show that a better bound than 
(14.131) holds with the 6 2 norm, provided d/2 < s < d. For the case 0 < s < d/2, 
we use complex interpolation on the family |V| < »/ 2 (1 — x{D))Ro(z) < ^V < ’^ 2 . Similarly 
as before, we have the kernel bounds 

|(1 - xo(D))Ro(z) a+lt (x - y)\ < - y\ as ~ d l{\x - y\ < 1} + 0((x - y)~ N ) 

where as — d < 0. This follows again from [19], Prop. VI.4.1]; note that C(f2) grows 
sub-double-exponentially since we have 

\d? [(1 - XO {mno - z)- a ~ H ] I < C a e"l t l(0- as - |a| . 

This is true if we choose the branch of the argument function satisfying —7r < 
arg(-) < 7r. Let a = d/{2s) + e with 0 < e < d/(4s). Then as — d < 0 and 
0 < 2 (as — d) < d, so the Hardy-Littlewood-Sobolev inequality together with the 
previous bound yields 

|||Vp(l - xoCD))i?o(P^ C/2 || S 3 < Cm\V\\ a Ld/ s, ReC = a. 


®Here, we use an explicit formula for the Fourier transform of (£1 =b iO) a + lt , see e.g. m 
^This reflects the conditions in the Hardy-Littlewood-Sobolev inequality. 
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Interpolation with the trivial bound (14.711 yields 

(4.15) in 1 / 2 ^ - xo{D))R 0 {z)V^\\ e , a < C(n)|| V|| L d/,, 

Since s < d, we can always choose e > 0 such that 2a = d/s + 2e < (d — l)/(s — 1). 
Since q(d — l)/(d — q) = (d — l)/(s — 1) for q = d/s inequality (14.151) is therefore 
better than (14.131) . 

b) One combines (14.121) with q = (d + l)/2 and (14.151) with a = d/(2s) + e as 
above. The Schatten spaces in the estimates are ©( d+1 )/( d -i) and © 2a , respectively. 
Since s < 2 d/(d + 1), we have max{(d + 1 )/{d — l),d/s)} = d/s if d > 3 and 
max{3, 2/s} = 3 if d = 2. Since & qi C & q2 for qi < q 2 , the claim follows. □ 


Proof of Remark \J7^ a) Case H 0 = (—A) s / 2 , s > 2 d/(d+ 1): The claim follows 
by scaling since the resolvent kernel satisfies Rq(x — y; z) = |2| d / s_1 .Ro(|z| 1 / s (a; — 
y)\z/\z\). Actually, (14.91) does not scale directly, but (14.81) does, while the bound 
in (14.71) is uniform in z. Therefore, the factor comes out correctly in the 

complex interpolation step. The same argument applies to the other two inequalities 
used in the proof of Theorem 14.11 namely (14.41) and (14.131) , since both are proved 
by complex interpolation between a ©°° and a © 2 bound (see IT5J Thm. 4.1] for a 
proof of the former). 

Case Hq = (1 — A) 5 / 2 — 1, s > 2 d/(d + 1): Write z = A + ie. In order to find the 
singularities and decay of N{z), we consider the following cases. 

i) 5 < X < (5 -1 and 0 < |e| < 1, 

ii) — S < A < 0 and 0 < |e| < 1, 

iii) 0 < A < <5 and A < |e| < 1, 

iv) 0 < A < <5 and 0 < |e| < A, 

v) A < —<5 or |e| > 1, 

vi) <5 -1 < A and 0 < |e| < 1. 

Here, <5 > 0 is some fixed small constant. In case i) Lemma 14.31 yields a uniform 
bound N(z) < C(5). In cases ii)-iii), pick a bump function ipo such that ifo = 1 
on 14(0,2(5). The estimates for (1 — tpo(D))R 0 (z) are uniform since T(£) = (1 + 

|£| 2 )s/ 2 _ i has no critical point in the support of 1 — i/q. For £ £ supp(^o) we have 

jT(£) — z\ > \z\/2. Hence, Kato-Seiler-Simon yields 

|||F| 1 / 2 ^ 0 p)i?oWF 1 / 2 || e9 < N(z) ||V||l«, 


with 

(4.16) 


N(z) < C ( f \T(f) ^ z\~ q dA < C\i 

Wsupp(i/>o) / 


In case iv), pick a bump function % such that supp(x) C {1/2 < |^| < 3/2} and 
X = 1 on {3/4 < |^| < 5/4}. For the part (1 — x(|z| _1/,2 Il))l?o(^) the same 
argument as above applies. For the part x(|~| _1 ^ 2 -D)-Ro(-2 ; ), we use an approximate 
scaling argument. Let T(£) = | 2 ;| _1 T(| 2 | 1 / 2 ^) and let Rq(z) be the resolvent of the 
corresponding multiplier. Then 

(4.17) [ X (\z\- 1 / 2 D)Mz))(x-y) = |^| d / 2 - 1 [x(^o(^/k|)](N| 1/2 (x - t/)). 


Note that by Taylor’s theorem, 

(4.18) |Vf(0|«l, \D 2 T(0\~l, £ G supp(x). 
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Therefore, Lemma 11.31 and Remark 14.21 imply that 

\\\V\ ll2 x{D)R 0 {z/\z\)V ll2 \\ eq ^-i)/^- q) < C\\V\\ Lq 

with a constant independent of 2 . The same scaling argument as in the homoge¬ 
neous case H 0 = (—A) s / 2 together with (14.17|) then yields 

\\\V\ 1 ' 2 x{\z\- 1 ' 2 D)R 0 (z)V l ' 2 \\ eq( d- l y, d - q) < Clz^-'WVh*. 

Case v) is similar to cases ii)-iii) but yields a bound N(z) < instead 

of (|4.16[) . Case vi) is similar to case iv), but here one uses T(£) = | < z|~' ;i T(|£| 1 ' s £) 
as the rescaled operator and xtM 1 ^) as the localization. The uniform bounds 
(14.181) are a consequence of the Taylor expansion of T(£) at infinity. 

Case H 0 £ {T> q ,T>i}: One uses (13.141) . The modifications are similar as in the 
proof of Theorem 13.11 □ 


5. Proof of Theorem 12.31 

Proof. Corollary 13.21 and the Birman-Schwinger principle imply that Hq + V has 
no eigenvalues z £ I\ if ||y|| is sufficiently small. 

To prove dUB we define the holomorphic function 

(5.1) C \ [0, oo )9zo h(z) = det(J + F 1/2 (ff 0 - z)~ l |P| 1/2 ) £ C, 

M 

where a is the exponent in the the bounds of Theorem 14. II By |T5[ Thm. 9.2 b)] 
and Theorem 14.11 we have the bound 

(5.2) log \h{z)\ < CWV^iHo - ,)- 1 |y| 1/2 ||§ a < N(z) a \\V\\ a , 

where a is as in Theorem 14. II We need to map p(Ho) conformally onto the unit disk 
DcC. Due to the special form of p{Hq) we can write down such a map explicitly. 
In the case H 0 = T>q, we have p(H 0 ) = C + U C _ , so we need two conformal maps 
<fF in this case. We can choose e.g. 

(5.3) </? + :C + -i>D, ip + {z) = 4, 

z +1 

and an obvious modification for ip~. In the case Hq = (—A) s / 2 or Hq = (1 — 
A) s / 2 — 1, we can take tp + (\P ), where \f■ is the principal branch of the square root on 
C\ [0, oo). Finally, for H 0 =P>i, we compose the last map with z ha (z— 1)/(z + 1) : 
p(H 0 ) —> C \ [0,oo). We denote the resulting map by if o : p(H 0 ) — > D. We will 
need a normalized version of this map. We fix € p(H 0 + V), |^o| > 1, and set 
z 0 = ifo(zo) S D. With the normalization 

(5.4) v : B —> D, u(w) = ™ , 

1 + ZoW 

we then define the map if = v~ l o if 0: which has the property if(zo) =0. In all 
cases, if extends to a C°°(K) diffeomorphism. 

We note that a point zq as above always exists, but it may depend on V instead 
of on || V|| only. This is due to the fact that N(z) in Theorem 14. II may not go to zero 
at infinity (and indeed may diverge). This is only the case if we assume Assumption 
12.2k ) with q = d/s or Assumption 12.2b ). To find such a zq, we decompose V = 
Vi + V 2 , where V\ = V\{x : |P(x)| > p} and p to be chosen sufficiently large. 
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Then V 2 £ L °°, and thus ct(Hq + V ) lies in a p-neighborhood of (j{Hq + V\). By 
Chebyshev’s inequality, 


\{ x ■ |V(x)| > p}| < 


Ld/s 


r.d/s 


Dominated convergence shows that ||V 2 1|z. d / s tends to zero as p —>■ 00 . Choosing 
p sufficiently large, we infer as in the beginning of the proof that cr(H 0 + V\) C 
a(H 0 )E We can thus pick any zq outside a p-neighborhood of a(H 0 ). If we assume 
Assumption 12.21 al with d/s < q < (d+l)/2, then Theorem 16.31 shows that z$ may 
be chosen as 

*o = -C||V||^- d) 

for C sufficiently large. With this choice of Zq (note h(zo) ^ 0), let us define a 
holomorphic function on the unit disk, 

h(ip~ l II ( w)) 


(5.5) 


9 : B C, g(w) = 


h(z 0 ) 


Note the normalization g( 0) = 1. By (15.21) . we have 

log IpHI < CN^Mnvr - log \h(zo)\ 

(5 - 6) <c(v)H\w-wi\ 


where {wj}; = i/j(A c (Ho)) and Woo = ip(oo), and where p c , Poo are non-negative 
numbers depending on d , s, q and the conformal map 1 / (and that could be computed 
from the estimates in Remark 14.21) . We will not need the precise value of p for the 
time bein£J Note that the constant C(V) depends on V via ||I/|| and zq. By a 
theorem of Borichev, Golinskii and Kupin [2] Thm. 03], it follows that 


(5.7) 


sO)=o 


(1 — |wj|) 1+e ) + |w — wioo]^ 00 1+e l + < C(V). 


Writing the last sum in terms of z instead of w and restricting summation to z £ K, 
we obtain 


(5.8) 


E 

z&a(H 0 +V)nK 


dist(c, a(H 0 )) < C(K , V). 


Here we used that, by Koebe’s distortion theorem, (1 — |w|) ft! dist( 2 , a(H 0 )) for 
z £ K since 1 / is a C°°(K) diffeomorphism. □ 

Remark 5.1. As already pointed out, we only need very rough bounds for N(z) 
in the above proof. It might be asked why we need bounds N(z) for z (/ K\ after 
all, the summation is only over z £ I\. Suppose K' CC H CC K, where H C p(Hq) 
is a domain. We could use the Riemann mapping theorem to map tp : Q, D 
conformally. The bound for log|p(w)| in (15.61) would then be uniform and (15.81) 
would hold with K replaced by K', with a bound depending on sup zgii -/ \i/}'(z)\. 
But since dist(iC, a (Ho)) > 0, this is obvious as the sum is finite. To get a non¬ 
trivial result, we need dist(D, a(Ho)) = 0, and hence could be non-smooth. It 
is generally not true that ip extends smoothly up to the boundary. 


I only proved the absence of eigenvalues. However, by standard arguments Ho + V can 
only have discrete spectrum outside cr(Ho). 

II We give some concrete examples in Section [6] 
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6. Further results 

6.1. Bounds on individual eigenvalues. 

Theorem 6.1. a) Let Hq = (—A)®/ 2 and 2d/(d + 1) < s < d, and assume V £ L q 
with d/s < q < (d + l)/2. Then any eigenvalue z £ C \ [0, oo) of Hq + V satisfies 

(6.1) \z\ q ~i < C\\V\\ q L ,. 

b) Let Hq = T(D) with T{D) as in Assu,mvtion \2. 1\ and with 0 < s < d, and assume 
V £ L q with d/s < q. Then any eigenvalue z £ C \ u{Hq) of Hq + V satisfies 

(6.2) (|Im 2 |/|Re 2 |) d / s - 1 |Imz|^/ s < C\\Vf Lq 

Remark 6.2. Inequality (16.11) for s = 2 was proved in [5], Inequality (16.21) is much 
less precise, but it still gives better bounds for 2 close to ct(Hq) compared to the 
often used estimate 

i < \\\v\^R 0 (z)v^\\ < c||(T(.) - zr'WL'WvU', 

which is an easy consequence of the Kato-Seiler-Simon inequality if q > d/s. 

Proof. The theorem is proved using the Birman-Schwinger principle, as before. 
Inequality (16.11) follows from Corollary 13.21 scaling and Holder’s inequality. In¬ 
equality (16.21) would be a consequence of the resolvent bound 

(6.3) ||(i? 0 (A + i/x) < C|A|^(--^)| M |(--^)- 1 ||/|| iP(Rrf) , 

where 1 /p— 1 /p' = 1/q. By scaling, we may assume |A| = 1. We may also assume 
that \n\ < 1, otherwise the bounds are uniform. On the one hand, we have the 
Sobolev inequality (13.131) for (1 — \{D))Rq{z), which is better than (!6.3lF^ . On the 
other hand, for x(D)Rq(z) one interpolates between the bounds 

\\x(D)Ro(z)\\ L x^ L ~ < C, 

\\x{D)Rq(z)\\ L 2^ L 2 < l/ip 1 . 

The first follows from comparison with the Hilbert transform (13.111) . the second is 
obvious. □ 

Theorem 6.3. Let Hq = (—A)®/ 2 or Hq = T>q, s > and let V £ L 9 (R d ) with 

if2s<d , 

< 1 < q < if 2s = d , 

^ 1 < g < d±i if 2s > d. 

Assume that V = i W with W > 0. Then every eigenvalue z £ C\cr(Ho) of Hq + V 
satisfies 

(6.4) |^| 2g -d/ S |im~|—? < C\\V\\ q q . 

Remark 6.4. Theorem l6. 31 generalizes p~4l Thm. 9] for Schrodinger operators with 
purely imaginary potentials in three dimensions. 

12 Inequality (13.131 ) is only stated for 1/p — 1/p' = s/d. The general case is obtained by 
interpolation with the L 2 —> L 2 bound. 
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Proof. Suppose 2 is an eigenvalue of Hq + i W. By the Birman-Schwinger principle, 
this is equivalent to 1 being an eigenvalue of the operator 

(6.5) Q(z) := iVWR 0 {z)VW, 

i.e. there exists / £ L 2 (R d ), ||/|| = 1, such that Q{z)f = f. It follows that 

(6.6) (ReQ(z))fJ) = 1. 

On the other hand, since 

Re Q ( 2 ) = lm(Ro(z))VW, 

we have 

(6.7) ||ReQ( 2 )|| < i|mi i ^ (Rd) ||Irn(RoM)|| LP(R d )-j.LP'(R d )' 

In view of the equality Im(l?o(~)) = (Ini2)i?o(~)-Ro(^) 5 it remains to prove the 
following resolvent estimate, 

(6.8) ||Ro(-2)Ro(~)|liP(R<i^ i p'( R d) < C\z\~( p 

where p ~ y = q an d 9 as i n the assumptions of the theorem. By scaling, the 
proof of (16.81) reduces to the case |x| = 1. The estimate of (1 — x{D))Rq{z) is as in 
(13.131) . but with 2s instead of s. The estimate for \{D)R 0 (z) is further reduced to 
the cases 2 = 1 ± iO and z = — 1 ± iO by the Pliragmen-Lindelof maximum principle 
(the proof is similar and somewhat easier than the one given in the appendix). The 
case 2 = — 1 ± iO is again handled by the Sobolev inequality (13.131) . For 2 = 1 ± iO, 
one notes that Imi?o(l ±i0)/ = cdagd-i * /. The result thus follows from the TT* 
version of the Stein Tomas theorem . □ 


Remark 6.5. The bounds (16.11) and (16.41) can be extended to all eigenvalues of 
H 0 + V, see m Prop. 3.1]. 


6.2. Weighted eigenvalue sums. 


Theorem 6.6. Let H 0 = (—A) s / 2 , s > 2 d/(d+ 1), and let V £ L q (R d ), d/s < q < 
( d + l)/2. Then 

(6.9) ]T |2r( 1 - £ )/ 2 dist(2,a(R 0 ))<C||R||i 1 + e)9/(s9 - d) , 

zGcr(H 0 + V) 


where e> 0 if 2 d/(d + 1) < s < 4 d/ (1 + 2d), and 


e > 0 

e> -s^isq-d)-! 


if | < 9 < 

d(2d-\-s — 2 ) 
l J s{2d—l) 


d(2d-\- s — 2 ) 
s(2d-l) ’ 


<q< 


rf+i 

2 ■ 


if s < 4d/(l + 2d). 


and 


Remark 6.7. The case Hq = —A was proved in [TO] Thm. 16]. For Hq = 
(1 — A) s / 2 — 1 the estimate (16.91) holds with s replaced by 2. The reason is the 
singularity of N(z) in Remark 14.21 at 2 = 0. 


Proof. The proof is analogous to that of [10] Thm. 16]. One just replaces their 
estimate (56) by 

log\h(z)\<C\z\^- a \\V\\ a Lq , 

resulting from [181 Thm. 9.2 b)], Theorem 14. II and Remark 14.21 □ 
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Theorem 6.8. Let Hq = V o, and let V £ L d (W 1 ) D L( d+1 )/ 2 . Then 
(6.10) £ dist(2,ix(7Jo))(l + NI)- Q ^“ 1 " e <C(y), 

h(z)= 0 

where e > 0, a = 3 if d = 2 and a > d if d > 3. 


Proof. We prove the result for the part of the sum with z £ C + ; the part with z £ 
C~ is treated similarly. As in the proof of Theorem 12.31 we have the estimate (15.611 . 
where if = v~ x o with tp + and v as in m and m - Abusing notation, we 
write v = v(w), w = Then 

z — i . v + 1 

z = -i --. 

z + i v — 1 

Since zq has been fixed, the normalization map v : ID —> D extends to a C°°(D) 
diffeomorphism with 

(6.11) ci(V) < \v'(w)\ < c 2 (V), weD. 

Therefore, estimate (15.611 can be restated as 

loglffHI < C{V)\v(w) - l|-“^ < C(V)\w-l\- a ^. 


In the second inequality we used the mean-value theorem in conjunction with (16.1111 
and the fact that p(l) = 1. By [2) Thm. 0.1], 

(6.12) (i-H)i^-ir^- 1+e <c(F). 

g(w )=0 


By the Koebe distortion theorem, 
d w 


(i-H) 


dz 


dist(z, a (Hq)) = 


dw 

do 

do 

dz 


Moreover, 


\w - II « \v - II 


z + it 


\z + i\ 


dist( 0 , a(H 0 )) 


—^dist(z,a(H 0 )). 


Since \z + i| < \z\ + 1, we obtain from (16.121) 

Y dist(z,o(H 0 )){l + \z\)~ 

h(z)= o, ^ec+ 


< C{V). 


□ 


Theorem 6.9. Let Hq = D i, and let V £ L d (R d ) D L( d+1 )/ 2 . Then 

(6.13) Y dist(z,a(H 0 ))\z 2 -l\%- 1+ %l + \z\)- a ~ a ^ +1 - e <C(V), 

z£a(H 0 +V) 

where e > 0, a = 3 if d = 2 and a > d if d> 3. 

Proof. With the same abuse of notation as before, we write z = z(u) and v = v(z). 
Here, 

2v 

TT^’ 


(6.14) 


z = — 


z £ p^Hq), v £ ID. 
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The map z K > v{z) is constructed as outlined in the proof of Theorem 12.31 i.e. by 
composition of ( i-A v = (-y/C — i)/(\/C + i) with, z ^ ^ = {z — \)/{z + 1). Using 
Remark (TOl) to estimate N(z) and 


II- z 2 \ = 


II + id 2 U - 


\z\ < 


l + iid|l — 


d— 1 , 

Z \) a d+i +a 


|1 + m| 2 |l — iv\ 2 

the estimate m can be restated as 
log | ff (ui)| < C(V)|1 - z 2 |-t + (1 + |*|)“£fi < C(V)|1 - z 2 \~ § ( 1 

< C{V )|1 - v\~ a \l + u\~ a \l - iv |-“fer|l + 

< \w — W\\~ a \w — W2\~ a \w — 1C3| _Q3 TT \ w — Wi\~ a ' J ^ T 

where we have set 

w 1 = u~ 1 (l), wi=is~ 1 (- 1), wi = v~ 1 (i), w 1 = v~ 1 {l), w\ = v~ 1 (-\). 

By !2J Thm. 3] and due to (16.111) . 

Y (i-H)i^-^r 1+e k-^r l+£ 

(6.15) s(w)=o 

x |tu - w 3 | a ^ _1+e |M; - w 4 \ a ^~ 1+e < C{V), 

The proof is completed using the following estimates in (16.151) , 

(1 - M) ~ |1 - - 2 |-(?(1 + | 2 i|) i “ 1 dist(^, cr(Ho)), 

\w — wi\\w — W2\ ~ |1 - 2 2 |^(1 + |z|) _1 , 

\W - W 3 \\W - W 4 \ « (1 + |2|) _1 . 

These are easy consequences of the explicit formula (16.141) : for the first, one uses 
Koebe’s distortion theorem. □ 


Theorem 6.10. Let H$ = (1 — A) 1 / 2 — 1, and let V G L d (R d ) (~l L( d+1 )/ 2 . Then 

(6.16) J2 dist{z,a{H 0 ))\z\%- 1+e (l + \z\)- 2a ^ + i-%- £ < C(V), 

z£a(H 0 +V) 

where e > 0, a = 3 if d = 2 and a > d if d> 3. 

Proof. The (normalized) conformal map in this case with zq = <x < — 1 is 

(6.17) w = if{z) = ^ 

v z + Y CL 

By (|5.6|) . with N(z) as in Wemark l4.2l we have 

loglffHI < C(V)\l + w\~ a \l - w\- 2a ^. 

Using [21 Thm. 0.3], it follows that 

Y (i - M)|i + H“- 1+£ |1 - w\ 2a ^~ 1+e < c(v). 

g(w )=o 
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By the Koebe’s distortion theorem and equation (16.1711 we have 


(i-M) 

|1 + w\ 
|1 — w\ 


\a\ 1 ^ dist( 2 , [0, oo)) 

l*l 1/2 M + M 
M 1/2 

(M + H) 1 / 2 ’ 


(M + M) 1/2 ‘ 


Plugging these estimates into the previous inequality and using |a| 
claim (16.161) . 


> 1 yields the 
□ 


Remark 6.11. Theorems 16.61 l6T0l improve the results of (6j !5] in a similar way 
that m Th m - 16] improves those of [3] 31 ■ Notice that the bounds in [6JII3 depend 
(somewhat implicitly) on additional properties of V, not just its L q - norm. 


Appendix A. Conclusion of the proof of Lemma [4731 

It remains to prove that (14.31) holds for all z £ C ± . This will be a slight modifica¬ 
tion to a standard argument involving the Phragmen-Lindelof maximum principle, 
see e.g. ITS] Sect. 5.3]. 

Proof. We prove the claim for 2 £ C + (an analogous argument gives the bound for 
z £ C _ ). Consider the functions 

F{z) = Tr{\V\ 1/2 x{D)R 0 (z)V 1/2 F), z £ C+ 

where F is a finite rank operator with canonical representation 

N 

F = y^jii\ui)(vi\. 

2=1 

Here, are the singular numbers of K and {ui}^L 1 , are orthonormal 

systems in L 2 (M. d ). We may assume that V is positive and V 1 / 2 £ Cq°( M. d ). Indeed, 
since V 1 ! 2 = | W| 1 / 2 e I¥ ’, we have 

\\\V\ 1 / 2 X (D)R 0 (z)V 1 / 2 \\ ea < \\\V\ 1 / 2 x(D)R 0 (z)\V\ 1 / 2 \\ <S c 

The smoothness assumption can be removed by density. By the same argument, 
we may assume Ui,v\ £ Co°(M. d ). We then prove the following. 

i) F is analytic in C + and has a continuous extension up to the boundary, 

ii) |F(A)| < C||y|| L ,, for AeR, 

iii) For every e > 0 there is C e > 0 such that \F(z)\ < C' e e £ ^l as \z\ —>■ oo in 
<C+, uniformly in the argument of 2 . 

Proof of i): Complete {vi}^ to an orthonormal basis of L 2 (R d ). Evaluat¬ 

ing the trace in this basis, we see that 

N 

F{z) = Y^(R*(z)V i,2 Ui,vV*x(D)vi). 

2=1 


(A.l) 
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This is an analytic function in C + since the resolvent Ro(z) is an analytic operator¬ 
valued function in this domain. From (11751) it follows that F has a continuous 
extension to the boundary. Indeed, combining (IA.1D and (14.51) yields 

F{ A + iO) = 

N 


J2p- v - 


i =1 


x(0 

no - a 


r R 2d 


V 1 / 2 (^ — — rj)ui(r])vi(r]') drjdrj' I d£ 


N 


x(0 


V V 2 (£ - ’q')V 1 / 2 ^ - rj)ui(rj)vi(r{) dry dr/ ) dcr(£)- 


^ J{T(£)= A} |VT(£)| \Jwt 2d 
This is a continuous function in A £ R. 

Proof of ii): By Holder’s inequality in Schatten spaces IfF Thm. 2.8] and (14.91) 

|F(A)| < \\V 1 / 2 x(D)R 0 (X)V 1 ^ ||e®( ,i - 1 )/(‘*-«)||-f 1 ||©(< i -i)/(‘*®-<i) < C’HV r ||i 2 , 

for A € M and for all finite rank operators F with || -P r '|| i)/(rf«—rf) = 1- 

Proof of iii): A similar computation as above yields 

N 


\F(z)\ < 


x(0 


R d 


i no - 


lR 2d 


V 1 / 2 (£-ri')V 1 / 2 (£-if)Ui(ij)v i {ri')dridri' d£ 


Since 


W>>1 ' {esuppW - 


we see that |F(z)| < Ce £ l z l for every e > 0 when |z| 1. 

By the Phragemn-Lindelof maximum principle, i)—iii) imply that 

(A.2) |F(*)| <C\\V\\ L ', z G C + . 

By density of the finite rank operators in Q^ d ~ l ) R d< i~ d \ the inequality (14.31) follows 
for all ZGC+. □ 
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